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Abstract
For a p-group G admitting an automorphism ϕ of order pn with
exactly pm fixed points such that ϕp
n−1
has exactly pk fixed points,
we prove that G has a fully-invariant subgroup of m-bounded nilpo-
tency class with (p, n,m, k)-bounded index in G. We also establish
its analogue for Lie p-rings. The proofs make use of the theory of
commutator-type operators.
1 Introduction
In this paper all groups and rings are finite, and p is always a prime number.
1.1 Brief Historical Background
In [6] & [4] E. I. Khukhro formulated the following two conjectures on the
structure of p-groups admitting an automorphism of p-power order:
Conjecture 1.1. A finite p-group admitting an automorphism of order p
with pm fixed points contains a subgroup of m-bounded class with (p,m)-
bounded index.
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Conjecture 1.2. A finite p-group admitting an automorphism of order pn
with pm fixed points contains a subgroup of m-bounded derived length with
(p, n,m)-bounded index.
(We use the term “(a, b, . . . )-bounded” for “bounded above by some func-
tion of a, b, . . . ”.) R. Shepherd [12], C. R. Leedham-Green and S. McKay’s
[7] result gave a positive answer to Conjecture 1.1 when m = 1. I. Kiming [5]
gave a positive answer to Conjecture 1.2 in the case m = 1. He proved that in
this case there also exists a subgroup of class at most 2 with (p, n)-bounded
index.
In [10] Yu. Medvedev made two conjectures, on Lie rings:
Conjecture 1.3. A Lie p-ring admitting an automorphism of order p with
pm fixed points contains a nilpotent subring of m-bounded class whose index
is (p,m)-bounded.
Conjecture 1.4. A Lie p-ring admitting an automorphism of order pn with
pm fixed points contains a solvable subring of m-bounded derived length whose
index is (p,n,m)-bounded.
Yu. Medvedev [10] proved that Conjecture 1.3 implies Conjecture 1.1 and
Conjecture 1.4 implies Conjecture 1.2. In [11] Yu. Medvedev deduced Con-
jecture 1.3, hence gave a positive answer to Conjecture 1.1. In [2] A. Jaikin-
Zapirain proved Conjecture 1.4, and therefore gave a positive answer to Con-
jecture 1.2. For a wider historical background I refer to the Introduction of
[10] (and [9]).
1.2 On This Paper
As we mentioned in [9], the main results of this paper are the following two
theorems inspired by Conjecture 1.4 and Conjecture 1.2:
Theorem A. Suppose that L is a Lie p-ring admitting an automorphism ϕ
of order pn with exactly pm fixed points, such that ϕp
n−1
has exactly pk fixed
points. Then L has a nilpotent fully-invariant ideal of m-bounded class which
has (p, n,m, k)-bounded index in L.
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Theorem B. If a finite p-group P admits an automorphism of order pn with
exactly pm fixed points, such that ϕp
n−1
has exactly pk fixed points, then P
has a fully-invariant subgroup of (p, n,m, k)-bounded index which is nilpotent
of m-bounded class.
These theorems give in some sense a stronger result (m-bounded nilpo-
tency class) than Conjectures 1.2 and 1.4, however we have to “pay” for that
by involving an additional parameter k into the bound for the index. We
always have m ≤ k. Note that if m = k, Theorems A and B are obvious con-
sequences of Medvedev’s theorems mentioned above. But in the case where
m < k, we obtain a much better bound for the class (m-bounded).
In Section 3 we prove Theorem A. The proof makes use of the framework
of commutator-type operators, which we developed in [9], especially Theo-
rem III (to which we will refer in this paper as “Theorem III”). It follows
the design of Khukhro’s version [3, 14.2] of a proof of a theorem of Medvedev
(Conjecture 1.3) mentioned above.
In Section 4 we prove that Theorem B follows from Theorem A. The
proof is done in a similar way as suggested by the referee in [10].
The experienced reader may wish to omit Section 2 (except for notation
and definitions) and jump directly to Section 3.
2 Preliminary Facts
For the convenience of the reader and further reference we mention some
results and notations which will be used occasionally in the paper.
2.1 Automorphisms of Abelian Groups
For any positive integer k we denote by φk(x) the cyclotomic polynomial of
order pk.
Let G be a group and ϕ an automorphism of the group. The set of fixed
points of ϕ on G is CG(ϕ).
Let A be a finite additive p-group, that admits an automorphism ϕ of
order pn with exactly pm fixed points.
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Proposition 2.1. [8, 3.2] We have
a+ aϕ + aϕ2 + · · ·+ aϕp
n
−1 = a
n∏
k=1
φk(x) = 0 (1)
for all a ∈ pmA.
Lemma 2.2. [9, 3.2] Suppose that ϕ satisfies (1) on A. Then:
(a) for any ϕ-invariant section U of A we have pnCU(ϕ) = 0;
(b) for any homocyclic ϕ-invariant section V of A of exponent ps we have
|CV (ϕ)| = |CpiV/pi+nV (ϕ)| whenever 0 ≤ i ≤ s− n.
Lemma 2.3. [9, 3.4] Let A be an abelian group. If φn′(ϕ) = 0 and ϕ has
order pn on A then either n′ = n or n′ > n. If n′ > n, then pA = 0.
2.2 Lie Rings
Proposition 2.4. [3, 7.20] Let L be a Lie ring of derived length 2, admitting
an automorphism ϕ of order p. Then γp+1(pL) ⊆ id〈CL(ϕ)〉.
A Lie ring is called Lie p-ring if its additive structure is a p-group.
3 Proof of Theorem A
The proof of Theorem A follows the design of [3, 14.2]: we split it up into two
theorems (Theorem 3.1 and Theorem 3.2 below). Then, in subsection 3.3 we
show that they imply Theorem A. It is interesting to note that the tool of
commutator-type operators we developed in [9] gives a common framework
for proving Theorem 3.1 and Theorem 3.2.
3.1 m-Bounded Derived Length
Theorem 3.1. Suppose that L is a Lie p-ring. If L admits an automorphism
ϕ of order pn with exactly pm fixed points, such that ϕp
n−1
has exactly pk fixed
points, then L has a soluble fully-invariant ideal of m-bounded derived length
which has (p, n,m, k)-bounded index in L.
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Proof. ϕp
n−1
has pk fixed points, thus by Proposition 2.1 ϕp
n−1
satisfies
the polynomial φ1(x) = 0 on p
kL (for its order is p). This means that
φ1(ϕ
pn−1) = φn(ϕ) = 0 on p
kL. pkL has (p, n,m, k)-bounded index in L
(because L has (p, n,m)-bounded rank, see [3, 2.7]), hence replacing L by
pkL we may assume that φn(ϕ) = 0 on L. We note that this is the only step
where k plays any role. Later we will have (p, n,m)-bounded index.
If R is a Lie-ring, clearly T (A1, A2) = [A1, A2] is a commutator-type
operator in 2 variables on R.
Let L be the set of all the triplets consisting of a finite Lie p-ring and
the Lie bracket [·, ·] as a commutator-type operation in 2 variables and an
automorphism ψ of L of p-power order.
We show that L satisfies condition (c) of Theorem III (clearly L is closed
under ”taking” (T, ψ)-invariant sections). Let (R, T, ϕ) ∈ L such that R is
homocyclic and admits an automorphism ϕ of order pn with pm fixed points,
such that φn(ϕ) = 0. Define [[·, ·]] as in [8, 2.14] (or [3, 13.24]) (with t in
place of s). Let R˜ be the “lifted” ring, and let T be the “lifted operator” that
T defines on R˜ (see [9, page 15]). For A,B ≤ R, clearly T(A˜, B˜) = [[A˜, B˜]],
because by the definion of [[·, ·]] we have pt[[A,B]] = [A,B] = T (A,B).
Hence γu(R˜) = γ
T
u(R˜). By Proposition [3, 13.26], R˜ forms a Lie-ring with
this new multiplication. (All these are true, because the “classical” top of R
used in [3] coincides with t(R) that T defines.)
φn(ϕ) = 0 on R, thus φn(ϕ) = 0 on R˜ (since it is a ϕ-invariant section
of R). pCR˜(ϕ
pn−1) = 0, by Lemma 2.2 applied to ϕp
n−1
(because ϕp
n−1
satisfies φ1(x) = 0 on R˜). Let h = h(p) (the Higman number). By Higman’s
theorem, we have
ph+2γh+1(R˜) = pγh+1(pR˜) ⊆ p id〈CR˜(ϕ
pn−1)〉 = id〈pCR˜(ϕ
pn−1)〉 = 0.
Thus, for u(p, n,m) = h(p), v(p, n,m) = h(p)+2, L satisfies the assumptions
of Theorem III. Note, that in this step we made use of the fact that R˜ is also
a Lie-ring (otherwise we could not apply Higman’s theorem).
Therefore, by Theorem III, there exist an m-bounded number g = g(m)
and a (p, n,m)-bounded number r = r(p, n,m), such that for any Lie p-ring
L admitting an automorphism ϕ of order pn with pm fixed points such that
φn(ϕ) = 0, we have (p
rL)(g) = T (g)(prL) = 0. prL has (p, n,m)-bounded
index in L (because the rank of L and r are (p, n,m)-bounded).
This completes the proof of Theorem 3.1.
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3.2 m-Bounded Nilpotency Class
To shorten the notation, we will write [C,iD] = [C,D, . . . , D︸ ︷︷ ︸
i times
].
Theorem 3.2. Let L = A ⊕ B be a Lie p-ring, with abelian ideal A and
abelian subgroup B. Suppose that L admits an automorphism ϕ of order
pn with exactly pm fixed points, such that A and B are ϕ-invariant and
ϕp
n−1
has exactly pk fixed points on L. Then there exits a (p, n,m, k)-bounded
number f = f(p, n,m, k) and an m-bounded number g = g(m) such that
pf [A,g B] = 0.
Proof. Since the order of ϕp
n−1
is p, by Proposition 2.1 applied on ϕp
n−1
we obtain that φ1(ϕ
pn−1) = φn(ϕ) = 0 on p
kL. Since
[pkA,g(m) (p
kB)] = p(g(m)+1)k [A,g(m) B], (2)
replacing L by pkL we may assume that φn(ϕ) = 0 on L from the outset.
We note that this is the only step where k plays any role. Later we will have
(p, n,m)-bounded index.
Let A be the set of the triplets (A, T, ψ) such that T is the operator
T (C) = [C,B] on A, where [·, ·] is the Lie-bracket in a Lie p-ring L = A⊕B
(so A and B are p-groups), A is an abelian ψ-invariant ideal in L, B is an
abelian ψ-invariant subring of L and ψ is an automorphism of L such that
φn′(ψ) = 0 on L for some n
′. From φn′(ψ) = 0 it follows that ψ
pn
′
= 1, so ψ
has p-power order.
We claim that A satisfies the conditions of Theorem III. First, suppose
that (A, T, ψ) ∈ A and S = C/D is a (T, ψ)-invariant section of A. Then S
is ”B-invariant” (i.e. [S,B] ≤ S), thus C and D are B-invariant, hence D is
an ideal of C ⊕ B. So S ⊕ B forms a new Lie-ring, being a Lie-section of L
(a subring modulo its ideal). Clearly (S, T, ψ) ∈ A.
Let (A, T, ϕ) ∈ A such that A is homocyclic, |CA(ϕ)| = p
m and the order
of ϕ on L is pn. Let L˜ = A˜ ⊕ B with the operation [[·, ·]]: for any x ∈ A
and y ∈ B we put [[x, y]] to be a ptth root of [x, y], where t = t(A). If either
z1, z2 ∈ A or z1, z2 ∈ B we define [[z1, z2]] = 0. The additive factor group L˜
endowed with this operation ([[x˜, y˜]] = ˜[[x, y]], where tilde denotes image in
L˜), is a Lie ring, and the automorphism of the additive group of L induced
by ϕ is an automorphism of the Lie ring L˜ (see Proposition [8, 6.7, page 41]).
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We show now that condition (c) of Theorem III holds here. Since A˜ and
B are abelian and A˜ is an ideal in L˜, we have γu+1(L˜) = [[A,uB]]. Clearly
T(C) = [[C,B]] for any C ≤ A˜, thus
γu+1(L˜) = γ
T
u+1(A˜). (3)
By the definition of A, φn′(ϕ) = 0 on L. By Lemma 2.3, if n 6= n
′, then
pL = 0, so we are done. Thus we may assume that n = n′. As an abelian
group, L˜ is a ϕ-invariant section of L, hence φn(ϕ) = 0 on L˜. Let σ = ϕ
pn−1
(as an automorphism of L˜). Then φ1(σ) = 0, thus (applying Lemma 2.2(a)
on σ)
pCL˜(σ) = 0. (4)
The “lifted” Lie-ring L˜ has derived length 2, hence by Proposition 2.4 we
have γp+1(pL˜) ⊆ id〈CL˜(σ)〉. Hence,
pp+2γTp+1(A˜)
(3)
= pp+2γp+1(L˜) = pγp+1(pL˜)
(2.4)
⊆ p id〈CL˜(σ)〉 = id〈pCL˜(σ)〉
(4)
= 0.
Therefore, A satisfies the conditions of Theorem III with v(p, n,m) = p+ 2,
u(p, n,m) = p.
So there exist a (p, n,m)-bounded number f(p, n,m) and an m-bounded
number g(m) such that for any L = A⊕B such that φn(ϕ) = 0 on L and ϕ
has at most pm fixed points on A, then T (g)(pfA) = pfT (g)(A) (in particular,
it is true if |CL(ϕ)| = p
m).
This completes the proof of Theorem 3.2.
3.3 Theorem 3.1 and 3.2 imply Theorem A
In this subsection we will show, how Theorem A follows from Theorem 3.1
and Theorem 3.2. First note the following corollary of Theorem 3.2.
Corollary 3.3. Let L be a soluble Lie p-ring of derived length 2. Suppose
that L admits an automorphism ϕ of order pt with exactly ps fixed points,
such that ϕp
t−1
has pr fixed points. Then γg(s)(p
f(p,t,s,r)L) = 0 for a (p, t, s, r)-
bounded number f(p, t, s, r) and an s-bounded number g(s).
This corollary is an adaption of [3, 14.39] to our conditions.
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Proof. Put A = [L, L] and B = L/[L, L]. We define the (Lie) operation
of A⊕ B as follows: if both x, y in A or in B, then [x, y] = 0, and if y ∈ B
then [a, b] = [a, y] if b = y + [L, L] ∈ B. A and B are ϕ-invariant, and we
have |CA⊕B(ϕ)| = p
m ≤ p2s, and |CA⊕B(ϕ
pt−1)| = pk ≤ p2r (see [3, 2.12]). It
follows form the definition of L, that A is an abelian ideal in A ⊕ B and B
is an abelian subring, and they are ϕ-invariant.
If ϕ has order less than pt on A⊕B, then ϕp
t−1
= 1 on A⊕B, so we have
p2r[L, L] = 0 (for |CA⊕B(ϕ
pt−1)| ≤ p2r), and we are done. So we may assume
that ϕ has order pt on A⊕ B. Thus A⊕ B satisfies the conditions of Theo-
rem 3.2, with parameters t, m ≤ 2s and k ≤ 2r. Hence for some s-bounded
number v and (p, t, s, r)-bounded number u we have pu(p,t,s,r)[A,v(s) B] = 0.
(m and k appear in the bounds given by Theorem 3.2, but they are s and
r bounded respectively and the bounds can be assumed to be monotonic
functions). By the definition of the operation in A⊕ B, it implies that
γv+1(p
[u/(v+1)]+1L) ≤ pu[ [L, L],v(s) L] = p
u(p,t,s,t)[A,v(s) B] = 0.
This completes the proof of Corollary 3.3.
Proposition 3.4. Suppose that L is a soluble Lie p-ring of derived length
d. If L admits an automorphism ϕ of order pn with exactly pm fixed points,
such that ϕp
n−1
has pk fixed points on L, then L has a fully-invariant nilpotent
ideal of (m, d)-bounded class which has (p, n,m, k, d)-bounded index in L.
This proposition is an adaption of [3, 14.40] to our conditions.
Proof. We proceed by induction on d, the derived length of L. If d = 2,
the result follows from Corollary 3.3. Suppose that d > 2. By the inductive
hypothesis, γv(p
u[L, L]) = 0 for u = u(p, n,m, k, d− 1) and v = v(m, d− 1).
We have |C[L,L](ϕ
pn−1)|, |CL/L(2)(ϕ
pn−1)| ≤ |CL(ϕ
pn−1)| (see [3, 2.12]), so by
Corollary 3.3 (applied to L/L(2)), γg(p
fL) ≤ L(2) for some g = g(m) and
f = f(p, n,m, k). We put w = max{[u/2] + 1, f}, which is (p, n,m, k, d)-
bounded, and put M = pwL. Then
γg+4(M) = γg+4(p
wL) ≤ [L(2), pwL, pwL, pwL, pwL]
≤ p4wL(2) = (pwL)(2) =M (2),
therefore γg+4(M) ≤M
(2).
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But since u ≤ 2w, γv([M,M ]) = γv(p
2w[L, L]) ≤ γv(p
u[L, L]) = 0. Apply-
ing [3, 5.27] with L =M and N = [M,M ] we obtain that the nilpotency class
ofM is bounded in the terms of v and g, that is (m, d)-bounded. Thus, M is
the required fully-invariant ideal of (m, d)-bounded class with (p, n,m, k, d)-
bounded index in L.
Proof of Theorem A. According to Theorem 3.1, L has a soluble
fully-invariant ideal of m-bounded derived length with (p, n,m, k)-bounded
index in L. Thus, without loss of generality we may assume that L has m-
bounded derived length. By Proposition 3.4, L has a nilpotent fully-invariant
ideal of (m, d)-bounded class with (p, n,m, k, d)-bounded index in L. Since
d is m-bounded, the result follows.
This completes the proof of Theorem 3.1.
4 Proof of Theorem B
The structure of the proof of Theorem B follows the scheme suggested by
the referee in [10].
Lemma 4.1. If G satisfies the conditions of the Theorem, then there exist
a (p, n,m, k)-bounded number f1 = f1(p, n,m, k) and an m-bounded number
g = g(m) such that γg(G
pf1 ) ⊆ γp(G).
Proof. First suppose that, G is of class < p. Let L be the correspond-
ing Lie-ring, by the Lazard correspondence [3, chapter 10, 10.24] (inverse
Baker-Hausdorff formula). L fulfils the conditions of Theorem A, so we
have γg(m)(p
f1(p,n,m,k)L) = 0 for the (p, n,m, k)-bounded number f1 and the
m-bounded number g. The correspondent of pf1(p,n,m,k)L is Gp
f1(p,n,m,k) , so
γg(G
pf1 ) = 1.
Now suppose that G is an arbitrary group satisfying the conditions of the
theorem. Then, applying the consideration above to G = G/γp(G) we obtain
that γg(G
pf1 )γp(G)/γp(G) = γg(G
pf1
) = 1. Therefore γg(G
pf1 ) ⊆ γp(G), as
desired.
Proof of Theorem B. Let ψ = ϕp
n−1
, then |CP (ψ)| = p
k. P has a
fully invariant subgroup of (p, k)-bounded index which is nilpotent of class
at most h(p) (see [3, 8.1]; it follows from the proof that the characteristic
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subgroup found in the theorem is, in fact, fully-invariant). Thus, we may
assume that
P is nilpotent of class at most h(p). (5)
Let g = g(m) and f1 = f1(p, n,m, k) from Lemma 4.1 applied to P . We
show that there exists a (p, n,m, k)-bounded number f = f(p, n,m, k), such
that γg(P
pf ) = 1. If p ≤ g(m), then the class of P is m-bounded (by (5)).
If p > g(m), we proceed by induction on c, the class of P . By Lemma 4.1,
γg(P
pf1) ⊆ γp(P ). So γc−p+g(P
pf1 ) ⊆ γc(P ) = 1. Since g < p, c− p + g < c,
thus by the inductive hypothesis there exists a (p, n,m, k)-bounded number
f2(p, n,m, k) such that γg((P
pf1 )p
f2 ) = 1.
Let f = f1 + f2. Since P
pf1+f2 ⊆ (P p
f1)p
f2 , we have γg(P
pf ) = 1. Clearly
P p
f
is fully-invariant. Let H = P/P p
f
. By Burnside Theorem, the number
of generators of H is the same as the number of generators of K = H/Φ(H)
(here Φ(H) = Hp[H,H ] is the Frattini subgroup of H). K is an abelian
ϕ-invariant section of H with |CK(ϕ)| ≤ p
m (see [3, 2.12]). Hence (by Corol-
lary [3, 2.7]), r(K) ≤ mpn, so H has at most mpn generators. The exponent
of H is at most pf . Thus the exponent, the number of generators and the
nilpotency class of H are (p, n,m, k)-bounded. Therefore, the order of H
is (p, n,m, k)-bounded (see [3, 6.12(c)]), hence P p
f
has (p, n,m, k)-bounded
index in P . By (5) c ≤ h(p), thus we have p-bounded number of steps in the
induction.
This completes the proof of Theorem B.
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